


2



3



4
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•

•
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0 1 2 3
(x, y, z)(0, 0)

(0, y)

(x, y)

•

•

(x, 0)
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•

•

3
(x, y, z)

2
(x, y)
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•

• 𝑹 = 𝒒𝟏 − 𝒑𝟏
𝟐 + 𝒒𝟐 − 𝒑𝟐

𝟐

2-D Space

𝑹 = 𝒒𝟏 − 𝒑𝟏
𝟐 + 𝒒𝟐 − 𝒑𝟐

𝟐

(p1, p2)

(q1, q2)
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•

• 𝑹 = 𝒒𝟏 − 𝒑𝟏
𝟐 + 𝒒𝟐 − 𝒑𝟐

𝟐 + 𝒒𝟑 − 𝒑𝟑
𝟐

• 𝑹𝒏 = 𝒒𝟏 − 𝒑𝟏
𝟐 + 𝒒𝟐 − 𝒑𝟐

𝟐 + 𝒒𝟑 − 𝒑𝟑
𝟐 +⋯+ 𝒒𝒏 − 𝒑𝒏

𝟐

3-D Space

𝑹 = 𝒒𝟏 − 𝒑𝟏
𝟐 + 𝒒𝟐 − 𝒑𝟐

𝟐 + 𝒒𝟑 − 𝒑𝟑
𝟐

𝑹𝒏 = 

𝒊=𝟏

𝒏

𝒒𝒏 − 𝒑𝒏
𝟐
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•

•

•

•

•
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A

B

C 𝑨+ 𝑩 + 𝑪 = 𝑨 + 𝑩+ 𝑪

𝑨 − 𝑩 = 𝑨 + −𝑩

•

•

•

Associative

Commutative𝑨 + 𝑩 = 𝑩+ 𝑨
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൝
𝒙 = (𝒙𝟏, 𝒙𝟐, 𝒙𝟑)

𝒚 = (𝒚𝟏, 𝒚𝟐, 𝒚𝟑)

𝒙 = 𝒚 ∶ 𝒙𝒊 = 𝒚𝒊

𝒙 + 𝒚 + 𝒛 ∶ 𝒙𝒊 + 𝒚𝒊 + 𝒛𝒊

𝒂 ∙ 𝒙 = 𝒂𝒙𝟏, 𝒂𝒙𝟐, 𝒂𝒙𝟑

−𝒙 = −𝟏 ∙ 𝒙 = (−𝒙𝟏, −𝒙𝟐, −𝒙𝟑

𝟎 = 𝟎, 𝟎, 𝟎

𝒙 + 𝒚 = 𝒚 + 𝒙

𝒙 + 𝒚 + 𝒛 = 𝒙 + 𝒚 + 𝒛

𝒂 ∙ 𝒙 + 𝒚 = 𝒂𝒙 + 𝒂𝒚

𝒂𝒃 𝒙 = 𝒂 𝒃𝒙
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𝜸

𝜷

𝜶

𝒙 = 𝒂 ∙ 𝒄𝒐𝒔𝜶
𝒚 = 𝒂 ∙ 𝒄𝒐𝒔𝜷
𝒛 = 𝒂 ∙ 𝒄𝒐𝒔𝜸

ෝ𝒂 =
𝒂

𝒂

𝒄𝒐𝒔𝜶, 𝒄𝒐𝒔𝜷, 𝒄𝒐𝒔𝜸

ෝ𝒙 𝒐𝒓 Ƹ𝒊
ෝ𝒚 𝒐𝒓 Ƹ𝒋

ො𝒛 𝒐𝒓 𝒌
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• 𝑨

𝑨𝒙 = 𝑨𝒄𝒐𝒔𝜶 ≡ 𝑨 ∙ ෝ𝒙

𝑨𝒚 = 𝑨𝒄𝒐𝒔𝜷 ≡ 𝑨 ∙ ෝ𝒚

𝑨𝒛 = 𝑨𝒄𝒐𝒔𝜸 ≡ 𝑨 ∙ ො𝒛

ෝ𝒙 ∙ ෝ𝒙 = ෝ𝒚 ∙ ෝ𝒚 = ො𝒛 ∙ ො𝒛 = 𝟏
ෝ𝒙 ∙ ෝ𝒚 = ෝ𝒙 ∙ ො𝒛 = ෝ𝒚 ∙ ො𝒛 = 𝟎

Note

•

𝑨 ∙ 𝑩
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𝑨 𝑩

𝑨 ∙ 𝑩 = 𝑨𝑩𝒄𝒐𝒔𝜽

𝑨 = 𝑨𝒙ෝ𝒙 + 𝑨𝒚ෝ𝒚 + 𝑨𝒛ො𝒛

𝑩 = 𝑩𝒙ෝ𝒙 + 𝑩𝒚ෝ𝒚 + 𝑩𝒛ො𝒛

= 𝑨𝒙𝑩𝒙 + 𝑨𝒚𝑩𝒚 + 𝑨𝒛𝑩𝒛

If θ is an angle between 𝑨 and 𝑩

𝑨 ∙ 𝑩 = 𝑨𝒙ෝ𝒙 + 𝑨𝒚ෝ𝒚 + 𝑨𝒛ො𝒛 ∙ 𝑩𝒙ෝ𝒙 + 𝑩𝒚ෝ𝒚 + 𝑩𝒛ො𝒛

• 𝑨 𝑩

• 𝑨 𝑩

𝑨 ∙ 𝑩 = 𝟎
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• 𝑨 𝑩

𝑪 = 𝑨 𝑩 𝒔𝒊𝒏𝜽

𝑨 𝑩

𝑨 𝑩 𝑪

Magnitude

𝑨 × 𝑩

θ

𝑨

𝑩
Direction

𝑪 = 𝑨 × 𝑩

Cross Product
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𝑨 = 𝑨𝒙ෝ𝒙 + 𝑨𝒚ෝ𝒚 + 𝑨𝒛ො𝒛

𝑩 = 𝑩𝒙ෝ𝒙 + 𝑩𝒚ෝ𝒚 + 𝑩𝒛ො𝒛

Not commutative but anti-commutative

With 3x3 matrix

ෝ𝒙 × ෝ𝒙 = ෝ𝒚 × ෝ𝒚 = ො𝒛 × ො𝒛 = 𝟎
ෝ𝒙 × ෝ𝒚 = ො𝒛 ෝ𝒚 × ො𝒛 = ෝ𝒙 ො𝒛 × ෝ𝒙 = ෝ𝒚
ෝ𝒚 × ෝ𝒙 = −ො𝒛 ො𝒛 × ෝ𝒚 = −ෝ𝒙 ෝ𝒙 × ො𝒛 = −ෝ𝒚

𝑨 × 𝑩 =

ෝ𝒙 ෝ𝒚 ො𝒛
𝑨𝒙 𝑨𝒚 𝑨𝒛
𝑩𝒙 𝑩𝒚 𝑩𝒛

Note

𝑨 × 𝑩 = −𝑩 × 𝑨

𝑨 × 𝑩 = 𝑨𝒙ෝ𝒙 + 𝑨𝒚ෝ𝒚 + 𝑨𝒛ො𝒛 × 𝑩𝒙ෝ𝒙 + 𝑩𝒚ෝ𝒚 + 𝑩𝒛ො𝒛

𝑨 × 𝑩 = 𝑨𝒙𝑩𝒚ො𝒛 − 𝑨𝒙𝑩𝒛ෝ𝒚 − 𝑨𝒚𝑩𝒙ො𝒛 + 𝑨𝒚𝑩𝒛ෝ𝒙 + 𝑨𝒛𝑩𝒙ෝ𝒚 − 𝑨𝒛𝑩𝒚ෝ𝒙

𝑨 × 𝑩 = 𝑨𝒚𝑩𝒛 − 𝑨𝒛𝑩𝒚 ෝ𝒙 + 𝑨𝒛𝑩𝒙 − 𝑨𝒙𝑩𝒛 ෝ𝒚 + 𝑨𝒙𝑩𝒚 − 𝑨𝒚𝑩𝒙 ො𝒛
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𝑨 × 𝑩 =

ෝ𝒙 ෝ𝒚 ො𝒛
𝑨𝒙 𝑨𝒚 𝑨𝒛
𝑩𝒙 𝑩𝒚 𝑩𝒛

(+)

(-)

𝑨 × 𝑩 𝑨𝒚𝑩𝒛ෝ𝒙 − 𝑨𝒛𝑩𝒚ෝ𝒙
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𝑨 × 𝑩 =

ෝ𝒙 ෝ𝒚 ො𝒛
𝑨𝒙 𝑨𝒚 𝑨𝒛
𝑩𝒙 𝑩𝒚 𝑩𝒛

(+)(-)

𝑨 × 𝑩 𝑨𝒚𝑩𝒛ෝ𝒙 − 𝑨𝒛𝑩𝒚ෝ𝒙 + 𝑨𝒛𝑩𝒙ෝ𝒚 − 𝑨𝒙𝑩𝒛ෝ𝒚
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𝑨 × 𝑩 =

ෝ𝒙 ෝ𝒚 ො𝒛
𝑨𝒙 𝑨𝒚 𝑨𝒛
𝑩𝒙 𝑩𝒚 𝑩𝒛

(+)

(-)

𝑨 × 𝑩 𝑨𝒚𝑩𝒛ෝ𝒙 − 𝑨𝒛𝑩𝒚ෝ𝒙 + 𝑨𝒛𝑩𝒙ෝ𝒚 − 𝑨𝒙𝑩𝒛ෝ𝒚 + 𝑨𝒙𝑩𝒚ො𝒛 − 𝑨𝒚𝑩𝒙ො𝒛

𝑨 × 𝑩 = 𝑨𝒚𝑩𝒛 − 𝑨𝒛𝑩𝒚 ෝ𝒙 + 𝑨𝒛𝑩𝒙 − 𝑨𝒙𝑩𝒛 ෝ𝒚 + 𝑨𝒙𝑩𝒚 − 𝑨𝒚𝑩𝒙 ො𝒛
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Physical quantity of vector(cross) product

𝑭

𝒓

𝝉 = 𝒓 × 𝑭

𝒓

𝑷 = 𝒎𝒗

𝑳 = 𝒓 × 𝑷



23



24

𝒎

𝑷𝟏 = 𝒎𝒗𝟏

𝒇 = 𝟎𝒇 = 𝟎

𝒎

𝑷𝟎 = 𝒎𝒗𝟎

𝒎

𝑭

𝑷𝟎 = 𝒎𝒗𝟎

𝑨 + 𝑩 = 𝑪

𝑩

𝑨

𝑪

𝑭 = ∆𝒎𝒗𝒏

𝑭 =
𝒅

𝒅𝒕
𝒎𝒗𝒏

𝑭 = 𝒗𝒏
𝒅𝒎

𝒅𝒕
+𝒎

𝒅𝒗𝒏
𝒅𝒕

⇒ 𝑭 = 𝒎𝒂

Derivative about time

𝑷𝟎 + 𝑭 = 𝑷𝟏
⇒ 𝑭 = 𝑷𝟏 − 𝑷𝟎 = 𝒎𝒗𝟏 −𝒎𝒗𝟎

𝑭 =
𝒅𝑷

𝒅𝒕

∙
∙
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𝒎

𝑳 = 𝒓 ×𝒎𝒗

𝒓

𝒗

𝒅𝑳

𝒅𝒕
=
𝒅 𝒓 ×𝒎𝒗

𝒅𝒕

𝒅𝑳

𝒅𝒕
= 𝒗 ×𝒎𝒗 + 𝒓 ×𝒎𝒂 = 𝒓 ×𝒎𝒂 = 𝒓 × 𝑭

Derivative about time

𝝉 =
𝒅𝑳

𝒅𝒕

∙
∙
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𝑷 𝑳

𝑭 𝝉

𝝉 =
𝒅𝑳

𝒅𝒕

𝑭 =
𝒅𝑷

𝒅𝒕
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https://youtu.be/vgapIVq_IJc
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𝑴𝒈

𝒓𝝎
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𝑴𝒈

𝒓

𝝉

𝝉

𝒓

𝒈
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𝝎

𝑳

𝒓

𝝎

𝑳
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𝑴𝒈

𝒓𝝎

𝑳

𝝉

𝝉 =
𝒅𝑳

𝒅𝒕
=
𝒅 𝑰𝝎

𝒅𝒕
= 𝑰𝜶

𝝉𝒅𝒕 = 𝒅𝑳

𝝉

𝑳
𝑳′𝒅𝜽

𝒅𝑳 = 𝑳𝒅𝜽

𝒓𝑴𝒈 = 𝑳𝛀 = 𝑰𝝎𝛀

∴ 𝛀 =
𝒓𝑴𝒈

𝑰𝝎
[𝒓𝒂𝒅/𝒔]

Magnitude

𝒅 𝑳𝜽

𝒅𝒕
= 𝝉 = 𝑳

𝒅𝜽

𝒅𝒕
= 𝑳𝛀



33



34



35



36



37

감사합니다


